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double henon_map(double x , double y , int n) { 
double xi, yi;
double a = 1.05; 
double b = 0.3; 
for (int i = 0; i < n ; i ++) { 

xi = x; 
yi = y; 
x = 1.0 - a*xi*xi + yi ;
y = b*xi ;

} 
return x;

}
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for (int i = 0; i < n ; i ++) { 

xi = x; 
yi = y; 
x = 1.0 - a*xi*xi + yi ;
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return x;

}

How accurate is the result? 
We don’t know…

Error?

Roundoff errors, cancellation, etc

FP

FP is not sound with respect to real arithmetic.
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x = 1.0 - a*xi*xi + yi ;
y = b*xi ;

} 
return x;

}

How accurate is the result? 
We don’t know…

Error

FP is not sound with respect to real arithmetic.

Sound Floating-Point
Accuracy guarantees of the final results (error bounds).

Real FP



How do we get accuracy guarantees?
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Ideal approach:
Static round-off error analysis.

double henon_map(double x , double y , int n) { 
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return x;

}

Static
Analyzer

Absolute error
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Ideal approach:
Static round-off error analysis.

double henon_map(double x , double y , int n) { 
double xi, yi;
double a = 1.05; 
double b = 0.3; 
for (int i = 0; i < n ; i ++) { 
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x = 1.0 - a*xi*xi + yi ;
y = b*xi ;

} 
return x;

}

Static
Analyzer

Absolute error

Limitations
• Only for very simple programs.
• Loops are problematic.
• Overestimation.



How do we get accuracy guarantees?

4

Analysis at runtime: 
Rewrite code to account for ranges, e.g., using interval arithmetic (IA).

ival_t henon_map_ia(ival_t x , ival_t y , int n) { 
ival_t xi, yi;
ival_t a = {1.05, 1.05}; 
ival_t b = {0.3, 0.3}; 
for (int i = 0; i < n ; i ++) { 

xi = x;  yi = y; 
ival_t t1 = ia_mul(xi, xi);
ival_t t2 = ia_mul(a, t1);

…
} 
return x;

}

struct { double lo; double up; } ival_t ;

5x slower
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…
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return x;

}

struct { double lo; double up; } ival_t ;

5x slower

Interval addition

double

double

ℝ𝒂 𝒃

𝑎 + b = ↓ 𝑎𝑙 + 𝑏𝑙 , ↑ 𝑎𝑢 + 𝑏𝑢

2 flops(𝑐𝑙, 𝑐𝑢)

(𝑎𝑙, 𝑎𝑢) (𝑏𝑙 , 𝑏𝑢)

The final (real) result is guaranteed to be inside interval
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Analysis at runtime: 
Rewrite code to account for ranges, e.g., using interval arithmetic (IA).

ival_t henon_map_ia(ival_t x , ival_t y , int n) { 
ival_t xi, yi;
ival_t a = {1.05, 1.05}; 
ival_t b = {0.3, 0.3}; 
for (int i = 0; i < n ; i ++) { 

xi = x;  yi = y; 
ival_t t1 = ia_mul(xi, xi);
ival_t t2 = ia_mul(a, t1);

…
} 
return x;

}

struct { double lo; double up; } ival_t ; The result is sound but it’s not accurate. 

5x slower

Overapproximation due to the dependency problem.



ത𝑏 = ത𝑎 − ത𝑎 = 0, 1 − 0, 1

Dependency problem: IA vs AA

5

ത𝑎 = 0, 1

Example:

Interval arithmetic (IA)
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Interval arithmetic (IA)

Affine arithmetic (AA) 

ො𝑎 = 0.5 + 0.5𝜖1,      where    𝜖𝑖 = [−1, 1]



𝑏 = ො𝑎 − ො𝑎 = 0.5 + 0.5𝜖1 − (0.5 + 0.5𝜖1)

ത𝑏 = ത𝑎 − ത𝑎 = 0, 1 − 0, 1 = [−1,1]

Dependency problem: IA vs AA

5

ത𝑎 = 0, 1

Correlation is lost

Example:

Interval arithmetic (IA)

Affine arithmetic (AA) 

ො𝑎 = 0.5 + 0.5𝜖1,      where    𝜖𝑖 = [−1, 1]

𝑏 = ො𝑎 − ො𝑎 = 0

Correlation is kept using error symbols



Using affine arithmetic
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affine_t henon_map_aa(affine_t x , affine_t y , int m) { 
affine_t xi, yi;
affine_t a = aa_set(1.05, 0.); 
affine_t b = aa_set(0.3, 0.); 
for (int i = 0; i < m ; i ++) { 

xi = x;  yi = y; 
affine_t t1 = aa_mul(xi, xi);
affine_t t2 = aa_mul(a, t1);
…

} 
return x;

}

Using AA library
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After m iterations:
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𝑥 = 𝑥0 + 𝑥1𝜖1 + 𝑥2ϵ2 + 𝑥3ϵ3+ 𝑥4ϵ4 +⋯+ 𝑥𝑛ϵ𝑛



Using affine arithmetic

6

affine_t henon_map_aa(affine_t x , affine_t y , int m) { 
affine_t xi, yi;
affine_t a = aa_set(1.05, 0.); 
affine_t b = aa_set(0.3, 0.); 
for (int i = 0; i < m ; i ++) { 

xi = x;  yi = y; 
affine_t t1 = aa_mul(xi, xi);
affine_t t2 = aa_mul(a, t1);
…

} 
return x;

}

Using AA library

Every operation introduces a new error symbol.

After m iterations:

Very accurate!… but 10K slower

𝑥 = 𝑥0 + 𝑥1𝜖1 + 𝑥2ϵ2 + 𝑥3ϵ3+ 𝑥4ϵ4 +⋯+ 𝑥𝑛ϵ𝑛



Using affine arithmetic

6

affine_t henon_map_aa(affine_t x , affine_t y , int m) { 
affine_t xi, yi;
affine_t a = aa_set(1.05, 0.); 
affine_t b = aa_set(0.3, 0.); 
for (int i = 0; i < m ; i ++) { 

xi = x;  yi = y; 
affine_t t1 = aa_mul(xi, xi);
affine_t t2 = aa_mul(a, t1);
…

} 
return x;

}

Using AA library

Every operation introduces a new error symbol.

After m iterations:

Very accurate!… but 10K slower

𝑥 = 𝑥0 + 𝑥1𝜖1 + 𝑥2ϵ2 + 𝑥𝑛+1ϵ𝑛+1

Accuracy vs performance tradeoff



Challenges to achieve soundness
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• Get the AA or IA code with little effort
• Decide what symbols to keep in AA
• How to achieve high performance
• What if input code has SIMD intrinsics

affine_t henon_map_aa(affine_t x , 
affine_t y , 
int m) { 

affine_t xi, yi;
affine_t a = aa_set(1.05, 0.); 
affine_t b = aa_set(0.3, 0.); 
for (int i = 0; i < m ; i ++) { 

xi = x;  yi = y; 
affine_t t1 = aa_mul(xi, xi);
affine_t t2 = aa_mul(a, t1);
…

} 
return x;

}

𝑥 = 𝑥0 + 𝑥1𝜖1+ 𝑥2ϵ2+ 𝑥3ϵ3+⋯+ 𝑥𝑛ϵ𝑛

𝑥 = 𝑥0 + 𝑥1𝜖1+ 𝑥2ϵ2+ 𝑥𝑛+1ϵ𝑛+1



A compiler for sound floating-point computations
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Target precision 
Single, Double, Double-double

double henon(double x, ...) {
...
y = b * xi;
...

}

f64a henon(f64a x, ...) {
...
y = aa_mul_f64(b, xi);
...

}

Input: Numerical C 
function (with SIMD)

Code 
transformation

Accuracy
improvement

Analysis to decide
on symbols to keep

Decl (type a, foo, ..)
Stmt (for, if, ..)
Expr (a + b, sqrt, ..)

Output: Equivalent sound function 
using AA or IA (with SIMD)

• Result is sound.
• Fast implementation.
• Optionally using SIMD.
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Target precision 
Single, Double, Double-double
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...
y = b * xi;
...

}

f64a henon(f64a x, ...) {
...
y = aa_mul_f64(b, xi);
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}

Input: Numerical C 
function (with SIMD)

Code 
transformation

Accuracy
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Decl (type a, foo, ..)
Stmt (for, if, ..)
Expr (a + b, sqrt, ..)

Output: Equivalent sound function 
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• Fast implementation.
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[1] An interval compiler for sound floating-point computations. CGO, 2021.
[2] A compiler for sound floating-point computations using Affine Arithmetic. CGO, 2022.



Transformations
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Example

Decl node
FP type      Affine type

double foo(double a, double b) {
double c;
c = a * b;
c = c + 0.1;

if (c > a) {
...

}
return c;

}

f64a foo(f64a a, f64a b) {
f64a c;
c = aa_mul_f64(a, b);
f64a t1 = aa_set_f64(0.1, 1.38...e-17);
c = aa_add_f64(c, t1);

if (aa_cmpgt_f64(c, a)) {
...

}
return c;

}

Original Generated

Expr node
Sound operations
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Example

Decl node
FP type      Affine type

double foo(double a, double b) {
double c;
c = a * b;
c = c + 0.1;

if (c > a) {
...

}
return c;

}

f64a foo(f64a a, f64a b) {
f64a c;
c = aa_mul_f64(a, b);
f64a t1 = aa_set_f64(0.1, 1.38...e-17);
c = aa_add_f64(c, t1);

if (aa_cmpgt_f64(c, a)) {
...

}
return c;

}

Original Generated

Expr node
Sound operations
Sound constants



Limiting the number of symbols
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Decide what symbols to keep to preserve accuracy
• at runtime based on a policy.
• at static time using DAG analysis.

𝑥 = 𝑥0 + 𝑥1𝜖1 + 𝑥2ϵ2 + 𝑥3ϵ3 +⋯+ 𝑥𝑛ϵ𝑛

𝑥 = 𝑥0 + 𝑥1𝜖1 + 𝑥2ϵ2 + 𝑥𝑛+1ϵ𝑛+1



Limiting the number of symbols

10

Decide what symbols to keep to preserve accuracy
• at runtime based on a policy.
• at static time using DAG analysis.

𝑥 = 𝑥0 + 𝑥1𝜖1 + 𝑥2ϵ2 + 𝑥3ϵ3 +⋯+ 𝑥𝑛ϵ𝑛

𝑥 = 𝑥0 + 𝑥1𝜖1 + 𝑥2ϵ2 + 𝑥𝑛+1ϵ𝑛+1

Decide at runtime using fusion policy:
• Symbols with smallest absolute values (SP)
• Random (RP)
• Oldest symbol (OP)
• Below mean (MP)
• …

Example with k = 3

RP



Preserving accuracy at static time: Using DAG analysis
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𝑥 ⋅ 𝑧 − 𝑦 ⋅ 𝑧

𝜖𝑥 𝜖𝑧 𝜖𝑦

𝜖𝑡1 𝜖𝑡2

𝜖𝑡3

Example

𝑥 = 1 + 𝜖𝑥
𝑦 = 1 + 𝜖𝑦
z = 1 + 𝜖𝑧
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𝑡2 = 𝑦 ⋅ 𝑧 = 1 + ϵ𝑦 + 𝜖𝑧 + 𝜖𝑡2
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𝑡3 = 𝑡1 − 𝑡2 = ϵ𝑥 + 𝜖𝑡1− 𝜖𝑦 −𝜖𝑡2 𝜖𝑧 cancels out
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𝑥 ⋅ 𝑧 − 𝑦 ⋅ 𝑧

𝜖𝑥 𝜖𝑧 𝜖𝑦

𝜖𝑡1 𝜖𝑡2

𝜖𝑡3

Example

𝑥 = 1 + 𝜖𝑥
𝑦 = 1 + 𝜖𝑦
z = 1 + 𝜖𝑧

𝑡1 = 𝑥 ⋅ 𝑧 = 1 + ϵ𝑥 + 𝜖𝑧 + 𝜖𝑡1
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𝑡3 = 𝑡1 − 𝑡2 = ϵ𝑥 + 𝜖𝑡1− 𝜖𝑦 −𝜖𝑡2 𝜖𝑧 cancels out

Cancellation of symbols:
When a symbol arrives to a node from two different paths 
they are likely to cancel out.

𝜖𝑧 should be kept to allow reuse.
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𝑥 ⋅ 𝑧 − 𝑦 ⋅ 𝑧

𝜖𝑥 𝜖𝑧 𝜖𝑦

𝜖𝑡1 𝜖𝑡2

𝜖𝑡3

Example with k = 2

𝑥 = 1 + 𝜖𝑥
𝑦 = 1 + 𝜖𝑦
z = 1 + 𝜖𝑧

𝑡1 = 𝑥 ⋅ 𝑧 = 1 + ϵ𝑥 + 𝜖𝑧 + 𝜖𝑡1
𝑡2 = 𝑦 ⋅ 𝑧 = 1 + ϵ𝑦 + 𝜖𝑧 + 𝜖𝑡2

Keep 𝜖𝑧, i.e., fuse ϵ𝑥 and ϵ𝑡1

𝜖𝑧 should be kept to allow reuse.



Preserving accuracy at static time: Using DAG analysis
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𝑥 ⋅ 𝑧 − 𝑦 ⋅ 𝑧

𝜖𝑥 𝜖𝑧 𝜖𝑦

𝜖𝑡1 𝜖𝑡2

𝜖𝑡3

Cancellation
When a symbol arrives to a node from two different paths.

𝜖𝑧 should be kept to allow reuse.

Modeled as an ILP program

Problem
Find the symbols that maximizes cancellation given that 
each variable can keep at most k symbols.



Preserving accuracy at static time: Using DAG analysis
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𝜖𝑥 𝜖𝑧 𝜖𝑦

𝜖𝑡1 𝜖𝑡2

𝜖𝑡3
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f64a_dspv:
smallest policy, with DAG analysis and vectorized.

k = 8

k = 48

random fusion

k = 8

Setup 
Intel Xeon E-2176M @2.7GHz
Ubuntu 18.04, gcc 7.5

DAG analysis:
4-8 bits improvement with 25% overhead.
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Comparison with IA and AA libraries

30x-70x faster than ceres-affine.
10x-36x slower than IGen (IA).

f64a_dspv: 



Compiler for Sound 
Floating-Point using AA

Fusion Policies Evaluation

30x-70x faster libraries for AA
More accurate than IA

f64a foo(f64a a, …) {
…
c = aa_add_f64(a, b); 
… 

}

file.c

safegen_file.c
(optionally with SIMD)

DAG Analysis

Transform node 

Decl, Stmt, Expr

DAG Analysis

Prioritization improves 
accuracy by 4-8 bits

[1] An interval compiler for sound floating-point computations. CGO, 2021.
[2] A compiler for sound floating-point computations using Affine Arithmetic. CGO, 2022.


