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Composite Optimization Problems

Many problems in science, engineering, and defense can be written as

minimize g(x) + h(x)

‘ non-differentiable, can encode constraints: h : R" — RU{+o0}

differentiable, real-valued: ¢ : R" — R %

Example: State-space model of a drone

‘ x[k] = (position time k, velocity time &, % mission completed, .. )

x[k + 1] ~ Axz[k] + Bulk]

‘ input at time k

Goal: given z[0], drive state to x s in T time steps, while minimizing energy

rr[li]nimi[%pe] (z[T] - J:f)Q + 3wk = g(x)
x|l],...,x
u[0],...,u[T—1]

subject to x|k + 1] = Az[k] + Bulk], k=0,...,T -1

can be encoded in h(x)
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Approximate Proximal Methods [":= /=~

- § § 2 — agVg(z?)
" = prox,, (ZE — oszg(:U )) T 0
projection ¢ ;  ®
X

- >
~

gradient descent along g (differentiable)

. : 1 2 o -
prox,(z) = arg;nm f(x)+ 2 Hy — :IJH2 generalization of a projection

Errors may be introduced to save power

hardware, software, linear algebra, or algorithmic approximations

how to model ?

- proxakh(:ck — aVg(a") + e'f) + €X

Existing convergence proofs hold for this type of errors ?

Tradeoffs between power savings / accuracy / execution time ?
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Related Work

Approximate PGD with decreasing errors Schmidt et al. 2010
Criterion Constants
k k ]
1 T L 2 B lleill 2e; NG
f (k;’h) fx™) ﬁ (|$0$*|‘+2Ak+ /2Bk) Ak_i:l (T+ T) ; Bk_gf
Approximate Accelerated PGD with square
summable (weighted) errors Schmidt et al. 2010, Aujol et al. 2015
Criterion Bound Constants
* 2L ~ —\? ~ i € Ei = . g
flzg) — f(27) Eay (|:L'0—:1:*|+2Ak—|— 2Bk) Ak_;i(”Ll + QL) B2
9 N 1 %112 1 . O, Y= 2 .-“1 = . tr |7 A+ A/ 2vER
r.h\' WN + Z:;,”n“'n—l T EH“_\' — T ”L 3 (' ug — & | +2A; N + V —)b.\') Ln ; : ( ekl Vv _j')
Up = Tp-1 t ‘FH {-J'H Lp—1 } Ay, =7 i trllexl B, = A i'ff-fﬁ'
k=1 k=1
wy, = F(x,) — F(z")




Analysis of Error Propagation

k k

Algorithm: e.g., proximal-gradient
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Hardware: e.g., fixed-point representation -
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Error Models

reR"

minimize f(z):= g(x)+ h(x)

Error Type Probabilistic Model
Gradient computation (linear) 1. Centered & CMI I }-*}’H M“’ o (;’]’-;1] — ]E[(-";’EJ =0,
2. Bounded - . .
. _ , | <d) = callj=1,...,n
Ve g(aF) := Vg(ak) + 3. CMI of the iterates HD(_“I [;‘ = ‘5) 1 tor all j =1, *”’I
k ko k=1, k=11 kLR
[E_(ln Ty | €1, Elg 1.;“,}u._...._41.1” } E{(.ln .Ln] 0,
Proximal computation (nonlinear) | 1. Centered and CMI [k | 1 r""‘l] _ E[-r"“] — 0
i i i 2. CMI of the iterates Lel e "7 Q Q
C 3. Bounded kT e = B[ k] = 0
];-(.1*“'“) ! ;-:.r’"“ — 2+ VIR < - N . “ N N h
25 || 2 ., k' < — — -
ek + h (TA'H) + % AR LR .«cV'f,ti(,ri‘”]fl__ [P(‘(I‘Z“‘ - LU) 1

Independence =—> Conditional Mean Independence (CMI) —> Uncorrelatedness

Probabilistic analysis is a hybrid of worst-case and average-case
analyses that inherits advantages of both. It measures the
expected performance of algorithms under slight random
perturbations of worst-case inputs
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Convergence Results

minimize f(z):= g(x)+ h(x)
zeR"
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Scheme Analysis Bound
2 k k k
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Convergence Results

minimize f(z):=
T€R”

g(z) + h(x)

Assumption on error for Scheme | Analysis Error Bounds Rate
convergence
. £
acOQRIE |5 | ope 28\ | O(1/K)
axo(/ie) [§ |8 | rlXe e Xl « 2l
g 8 i=0
° —
S N?_lc\!
€1 X O(l/kO'SH\) i gL |1 5 o\« ol O(]./k')
o O/ |8 |5 F gt | Vil ey F e ot
o o | i=1
o °
o
Schmidt et al. 2010
Assumption on error Scheme | Analysis Error Bounds Rate

€1 X O(]./kl—h\)
€y X O(l/k2+A)

Proximal
Gradient
Method

Deterministic
Probabilistic

1

2sk
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m*xOH + 2AL + /2B }
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Convergence Results

minimize f(z):=
T€R”

g(z) + h(x)

Assumption on error for Scheme | Analysis Error Bounds Rate
convergence
F]_O(O(]./k) -_§ g . X fr)—

] = 265 * 0
EgO(O(l/k2) > 8 L+1[Z“+Z( y 5)? “,| Oflog k/k)
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Schmidt et al. 2010

Assumption on error Scheme | Analysis Error Bounds Rate

€y X O(l/kz)
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Method
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Probabilistic
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minimize f(z):= g(x)+ h(x)

Convergence Results
Assumption on error for Scheme | Analysis Error Bounds Rate
convergence
2
g E 1 ~ ~ [ f-)"i' " 0 ( )
€2 SE{} % g —LH[Z“QJFZI(JLJJFVT)‘? — 1 H,;
2 a ‘_ ‘_
g —
- 2 g e Y [ €o |l 0
g F]_S(S g —?E"i E({'—i \/L_(—}\/ﬁhﬂl I‘_) O 1/\/?
_Q < = >-o< -g < \ - i
"c'é F2 —~ <0 & '8 T E(ey, )-optimality if stationary
a & =
Schmidt et al. 2010
Assumption on error Scheme | Analysis Error Bounds Rate
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minimize f(z):= g(x)+ h(x)

Experimental Setup:

2"t = prox,, (:L‘k — ang(ack))

e LASSO with 600 random examples and 100 features using fixed-point
representation (round-off error) and finite[solver precision (CVX). |

1
minimize — ||Ar' —ylI5 + Az,
reR™

* Quantization according to Q-format:

r N
precision | |bit fracc ~ABSTOL
sl.F(x Z b2t F _py 20 207616 (|8 4 3.27¢-16
0.001
6 6 2.2%¢-16
0.01
8 2.2%-16
0.001 g 4 0.001
0.01
16 8 2.2%¢-16
0.001
0.01 g 4 0.01
16 6 0.01
8 JU s ) oo
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minimize f(z):= g(x)+ h(x)

Experimental Results:

2"t = prox,, (:ck — ang(ack))

n1:35)0 m:500 fw:4 bitw:8 slvtol:1.13e-03 slvprec:1.00e-02 abstol:1.00e-02

— " — Corol.2 (prob. 100%) | 1
ms Schimidt Prop. 1 (deterministic) Corol.2 (prob. 50%)

seaawnnn Thm. 1 (deterministic original) Corol.2 (prob. 25%)

== w= Corol 1 (deterministic relaxed) Error free
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Tterations. k
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minimize f(z):= g(x)+ h(x)

Experimental Results:

2"t = prox,, (:ck — ang(ack))

n1:35)0 m:500 fw:4 bitw:8 slvtol:2.22e-16 slvprec:2.22e-16 abstol:1.00e-03

—f w— C0r01.2 (prob. 100%) |-
ms Schimidt Prop. 1 (deterministic) Corol.2 (prob. 50%)

seaawnnn Thm. 1 (deterministic original) Corol.2 (prob. 25%)

== w= Corol 1 (deterministic relaxed) Error free

| | 1 1 | 1 S — " ] L
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Tterations. k
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minimize f(z):= g(x)+ h(x)

Experimental Results:

2"t = prox,, (:ck — ang(ack))

n:110goo m:5000 fw:16 bitw:32 slvtol:1.82e-12 slvprec:1.82e-12 abstol:2.22e-16

— f — f*

s Schimidt Prop. 1 (deterministic)
ssssnnns Thm. 1 (deterministic original)
== w= Corol. 1 (deterministic relaxed)
— Corol.2 (prob. 100%)

Corol.2 (prob. 50%)

Corol.2 (prob. 25%)

Error free .

2 1 1 1 1 1 1 1 1 i
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ITterations. k
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Conclusion:

* We obtained new tighter deterministic bounds and we demonstrated their
validity on a practical optimization example (LASSO) solved on a reduced-
precision machine combined with reduced-precision solver.
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Conclusion:

* We obtained new tighter deterministic bounds and we demonstrated their
validity on a practical optimization example (LASSO) solved on a reduced-
precision machine combined with reduced-precision solver.

* We also derived probabilistic upper bounds.

e Worst-case running time can be much worse than the observed running time
in practice.

* Probabilistic bounds are more practical.

* More relaxations on the assumptions are needed in order to incorporate
more general perturbations into the analysis.
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