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In classical decision theory, we know the distributions Py and P

In machine learning, we have to estimate Py and P; from data
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X € R: number of spam words in a message 4

Null Hypothesis

Hjy: message isn't spam

Alternative Hypothesis

H;: message isn't spam

Po

Py
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True hypothesis Decide noise Decide signal

noise v false alarm

signal missed detection v
Probability

A decision boundary

Py
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Larger effect size Better/more measurements

T T

increase 11 — jio decrease variance
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Risk and Optimal Decision

Given decision function f:R? — {0,1} and loss ¢:{0,1}? — R,
Risk: R[f] = Exy [£(f(X),Y)]

where Exy[-] is the expectation with respect to X and ¥

Optimal decision problem: Given /, find f that minimizes the risk:

irinize, Exv [£(500,Y)]

... infinite-dimensional problem
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Recall that f(X) and Y are binary JRE—{0,1} { ]

Conditioning on X,

Exy [e(f(X,Y))} — Ex []Ey {é(f(X), Y) ’X] }
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Ey [¢(0, Y)’sz_ = 0(0,0)P(Y =0| X =) +£0,1)P(Y =1| X = =)
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Likelihood ratio test i Exy[e(f(x),Y)]
fR4—{0,1}

The decision that minimizes the risk in a binary hypothesis test is

f(@®) = Lis(z)>n ()

1 ,ifses
® Indicator function of set S:  1s(s) =
0 ,ifsgS
_ Ixym, (a: | Hl)

® [ikelihood ratio: L(x)
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Likelihood ratio test

i, B [(70601)

The decision that minimizes the risk in a binary hypothesis test is

f(@®) = Lis(z)>n ()

® |ndicator function of set S:

® | jkelihood ratio:

® Decision threshold:

Decision Theory

1 ,ifses
115(8) =
0 ,ifsgS
fxm, (x| Hy)
Llx) —
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W~ N(0,1) fw(w) = —=e=*
~ s w) = e 2
v V2T
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® | oss values

True hypothesis f(X)=0 f(X)=1

Hy is true 0 1
Hy is true 25 0
® Base rates: P(Hp) = 0.95 P(H,) = 0.05
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L(x)=n

with

— log L(x) =log n

exp (- €51°)

= gcz) :eXp<"”*

exp<—7

1

2

2
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AT G B

- fXIHo($|H0) exp(—%)

(1,0) P(Ho) 0—1 0.95
(0,1) P(H)) 0-25 0.05
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1
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c=1
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Hy is true 0 1

Hy i true 25 0
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c=1

True hypothesis  f(X)=0  f(X)=1

Hy is true 0 1

Hy i true 25 0

B(Hp) = 0.95
B(H) = 0.05

fx (x| Ho)

0.23
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Particular cases

Recall the problem:

AL s [e(f (X), Y)}

Expected value is w.r.t. joint distribution Pxy
When class Y € {0,1} is viewed as a parameter of Pxy to estimate,
® Maximum a posteriori (MAP)

® Maximum likelihood (ML)

can be seen as likelihood ratio tests
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So, select f(z)=1 if P(Y=1|X=2) >P(Y=0|X=x)

That is, f(z) = arg max P(Y =i| X =)

posterior

This is a likelihood ratio test, because
P(Y=1|X=2z) >P(Y =0|X =x)
= fxu (x| Hy) P(H1) > fxm,(x| Ho) - P(Hp)

_ Ixm, (x| Hy)
f‘XULIo(‘Qj | HO)

P(Hy)

= L(x) P(I,) =1

>

Recall that MAP rule minimizes probability of incorrect decision:
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So, select f(z)=1 if P(Y=1|X=2) >P(Y=0|X=x)

That is, f(z) = arg max P(Y =i| X =)

posterior

This is a likelihood ratio test, because
P(Y=1|X=2z) >P(Y =0|X =x)
= fxu (x| Hy) P(H1) > fxm,(x| Ho) - P(Hp)

_ Ixm, (x| Hy)
f‘XULIo(‘Qj | HO)

P(Hy)
P(H;)

= L(x) > =1

Recall that MAP rule minimizes probability of incorrect decision:

P(error) =P(f(X) =1, Ho) +P(f(X) =0, Hy)
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Maximum Likelihood (ML)

Consider ¢(0,0)=4(1,1)=0 and £¢(1,0)=¢(0,1)=1

And P(Ho) = P(H;) =}

The optimal decision (MAP) is
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Maximum Likelihood (ML)

Consider ¢(0,0)=4(1,1)=0 and £¢(1,0)=¢(0,1)=1

And P(Ho) = P(H;) =}

The optimal decision (MAP) is

f(z) = argmax P(Y:i’X =)

= argmax Sxiy (@] Yf;(;)) P =1) (Bayes rule)
= arggna,x fx‘y($|Y:i) <P(Y:i) = %)

maximum likelihood

This corresponds to a likelihood ratio test with n = 1
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Other measures

Previous measures don't account for base rates: P(Hy), P(H;)

That is, they are suitable when P(Hy) ~ P(H;)

Alternatives
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Precision: P(H, | f(X)=1) = TPR-P(H,) 4+ FPR - P(H,)
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Previous measures don't account for base rates: P(Hy), P(H;)

That is, they are suitable when P(Hy) ~ P(H;)

Alternatives

B TPR - P(I)
~ TPR-P(H,) + FPR-P(Hy)

Precision: P(H | f(X)=1)
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Table of probabilities

True hypothesis f(X)=0 f(X)=1
a
Hy is true TNR FPR
B
H; is true FNR TPR

« and [ are in conflict:

* ol = [T

and vice-versa

® Both can decrease only by observing more data

It turns out that likelihood ratio tests are Pareto optimal
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Let firT(x) be a likelihood ratio decision rule with FPR and FNR
QLRT = (fLRT =1]| Ho) BirT = (fLRT =0]| H1)

Let f(x) be another (deterministic or probabilistic) decision rule with

a:]P’(f(sc):l‘Ho) ﬁzp(f(m)zo;m)
Then,
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B < BirT = o > OoqRT

And the same relations hold with strict inequalities (<, >)
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® fmap(x) minimizes probability of error over all rules (det. and prob.):

]P’(errorMAp)
=]P’< map(X) =1, Ho) “"P(fMAP(X) =1, H1)
(

= P( fuap(X) =1 HO) P(Hy,) + P(fMAp(X) —1] Hl) P(H,)

QMAP Bmap

= amap P(Ho) + PBuvar P(H1)

P(H,
® fuap(x) is characterized by fmap(x) =1 if L(x)>n= ]P’EHO;
1
n 1
® Select 0<n<1 h that P(Hy) = d P(H) = ——
elec 7 such that P(Hp) — and P(H;) o)

This implies firT(2) = fmap(x)

Decision Theory




Proof

® Thus, for any decision rule f(x) with errors o and S,

Decision Theory



Proof

® Thus, for any decision rule f(x) with errors o and S,

P(errors) > P(error gr)

Decision Theory



Proof

® Thus, for any decision rule f(x) with errors o and S,

P(errors) > P(error gr)

n n 1
— a—— 48— >« +
] ﬂn 1 2 LRTn 1 5LRT77 T

Decision Theory



Proof

® Thus, for any decision rule f(x) with errors o and S,

P(errors) > P(error gr)

n n 1
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TPR(n) = ]p(X > H1) _ /oo L 9t
- ~ V2702
= e 2 z
a=c /27
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o 1 (@=0)?
TPR(n):I[D(XzﬂHl)_/7 e da
= 2 z
e V2
_ (¢
=o(*7)
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= Q<7 ; C) {Q(m)::\/%r f:" e dzi|
1

o)

:Q(lgﬁg_s';m) [shR = ¢]

Similarly,

FPR(1) = ]P’(X > 5| HO)
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|
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~
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o
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+
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=
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Looking Ahead: Empirical Risk Minimization

We studied a (binary) decision problem:

inimize E [z X,Y]
[ninimize Exy (f(X),Y)
Assumed known fx g, (x| H;) and P(H;)

What if they are unknown?

Empirical Risk Minimization (ERM):

N R
minimize T; [E(f(cct),yt)]

f:R4—{0,1}

Assumption: we observe T samples {(x;, y¢)}i,
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