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T

he large amount of data
available for analysis
and management raises
the need for defining,
determining, and extracting meaningful information
from the data. Hence in scientific,
engineering, and economics studies, the practice of clustering data
arises naturally when sets of data
have to be divided into subgroups
with the aim of possibly deducting
common features for data belonging to the same subgroup. For instance, the innovation scoreboard [1]
(see Figure 1) allows for the classification
of the countries into four main clusters corresponding to the level of innovation defining the “leaders,” the
“followers,” the “trailing,” and the “catching up” countries.
Many other disciplines may require or take advantage of a
clustering of data, from market research [2] to gene expression analysis [3], from biology to image processing [4]–[7].
Therefore, several clustering techniques have been developed (for details see “Review of Clustering Algorithms”).
The easiest way to represent the data to be clustered is
by associating each datum with a point in a given space;
therefore, clustering can be performed on the basis of the
displacement of these points. In fact, clustering algorithms
are explicitly or implicitly connected to some definition of
proximity measure. Although the Euclidean norm is often
used, in particular circumstances an alternative norm may
yield better solutions [8].
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Herein a distance-based clustering method is described.
While performing the clustering, the algorithm identifies
the regions of interest surrounding the points belonging
to the same cluster. This idea is developed by making use
of the concepts of level function, level set, and level lines;
each cluster is obtained by grouping together points
belonging to the same connected region of the level set.
Moreover, the level function is interpreted as the Hamiltonian function of a Hamiltonian dynamical system. The
interesting fact associated with the definition of a level
line as the trajectory of a Hamiltonian system is that with
the integration of the Hamiltonian system, some particular geometrical features associated with the connected
region internal to the level line can be determined. These
features, called moments, contain information that is used
to develop a clustering procedure for data sets changing
on time.
1066-033X/12/$31.00©2012ieee
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Figure 1 Innovation scoreboard of EU countries. EU countries are represented on a Cartesian plane according to their summary innovation index (vertical axis) and their annual growth rate (horizontal axis). Four main clusters can be identified.

The article is organized as follows. After describing the
two-dimensional Hamiltonian-based clustering algorithm,
the discrete-time dynamic clustering is developed, together
with the case of the time-dependent Hamiltonian function.
Subsequently, the n-dimensional version of the method is
presented. Finally, examples and applications of the methods are given, and open problems and future developments
are described.

Hamiltonian-based algorithm

line, is not an MCC. In fact the set R 0 , denoted by the
dashed line, is such that R 0 ! R and R 1 R 0 but all the
points in R 0\R belong to L . On the other hand, the sets R 1
and R 2 are MCCs of L . In particular, L = R 1 , R 2 .
The graph of the function H is a surface in R 3 that may
exhibit local maxima or local minima. Given a value H r ,
included between the highest and the lowest quotes of
the graph, all the points of the graph can be connected
having the same quote H r . The set of these points results
in a number of lines in R 3 ; the projection of each of these

This section describes a clustering algorithm based on the
notions of level function, level set, and level lines.

Definition 1
A level function is a continuous function H : K " R , with
compact support K 1 R 2 . A (super) level set is a set L 1 K
such that, for all p ! L, H (p) is larger than a given value.
More precisely, the level set corresponding to the level H r ,
is the set {p ! K : H (p) $ H r} . In general, a level set may be
the disjoint union of more than one connected set, hence
the following definitions are useful. A connected set R 1 L
is a maximal connected component (MCC) of the level set L if
for each connected set R 0 ! R such that R 1 R 0 , there
exists p 0 ! R 0\R such that p 0 g L . The boundary of each
maximal connected component of the level set is a level line.
Consider Figure 2, and let the level set L be denoted by
the shaded areas. Then the set R , delimited by the dotted

R1
R0
R2

R

Figure 2 Level sets and maximal connected components. A level
set L (shaded area) in general consists of more than one maximal
connected component. In this figure it consists of two maximal
connected components (MCCs) (R 1 and R 2 ). R , delimited by the
dotted line, is not an MCC of L ; in fact R S R 0 1 R 1 .
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Review of Clustering Algorithms

C

lustering algorithms are divided into the following principal
categories.
Hierarchical algorithms (single and complete link algorithms, CURE [S1], BIRCH [S2], partial least squares [S3],
and CHAMELEON [S4]). A measure of similarity and dissimilarity between objects must be defined together with
a linkage criterion. Hierarchical clustering algorithms organize data into a hierarchical structure according to the
proximity matrix, which contains all the pairwise dissimilarities or similarities between the points in the data set.
The results are usually depicted by a binary tree or dendrogram. Finally the clusters are obtained by considering
the dendrogram at some fixed level.
— Agglomerative algorithms. Each data point belongs to
a separate cluster, and a series of merge operations is
executed until all objects belong to the same group.
— Divisive algorithms. The entire data set belongs to a
cluster, and a procedure successively divides it until
all clusters are singleton clusters.
Partitional algorithms (k-means, k-medoid clustering [S5]–
[S8], k-means with Fisher discriminant analysis [S9], CLARANS [S10]). A single partition of the data is obtained. Partitional methods are suitable for large data sets. The partitional
techniques usually produce clusters by optimizing a criterion
function. The number of clusters must be fixed a priori.
Artificial neural networks (Kohonen nets [S11], ellipsoidART with Mahalanobis distance [S12], [S13]). Two approaches may be distinguished, supervised or unsupervised neural networks. In the former a deterministic
mechanism is designed to adjust (training phase) the connection weights for the neurons. The latter consist of a
single layer of neurons known as a Kohonen layer and are
usually self-organizing networks.
Density-based algorithms (ADACLUS [S14], DBSCAN
[S15], DENCLUE [S16]). Density-based algorithms identify clusters as dense regions of objects in the data space
separated by regions of low density. The method allows to
determine clusters or arbitrary shapes. A density threshold parameter must be fixed a priori.
Graph theory-based algorithms (AMOEBA [S17]). Nodes
of a weighted graph describe objects in the feature space
while edges quantify the similarity between separate objects. The clustering is performed by determining maximally complete subgraphs (cliques).
Kernel-based algorithms (support vector machine [S18],
[S19]). The data points are nonlinearly mapped into a

lines onto R 2 is a level line corresponding to the level H r .
If a level line is closed and all the internal points belong
to the level set, then the set of the internal points is a maximal connected component of the level set. Moreover, if
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higher dimensional feature space where the data points
can be linearly separated.
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the reference H r is suitably chosen, the maximal connected components are disjoint and are the projections of
pieces of the surface around a local maxima. Now, suppose that the set P of the data to be clustered is a subset

of R 2 . The notion of level function may be exploited for
clustering purposes. The result is achieved constructing a
level function such that the images of data points that
share common features lie around the same local maxima.
In this case it is possible to find a suitable reference level
such that each maximal connected component corresponds to a cluster.
Suppose that P has N elements. A way to construct the
function H is to associate a function H i : R 2 " R with each
datum point p i ! P, i = 1, f, N . This function represents
the information associated with the position of p i . The
functions H i , i = 1, f, n are then combined to define the
overall level function H. The final aim of a clustering
method is to merge the information associated with the
single data into the information associated with the cluster.
As a consequence, the functions H i need to have their
maximum value in p i , where the information is maximal,
and a decreasing value when increasing the distance from
p i . Some examples are the cone function, the hat function,
and the Gaussian function; see a one-dimensional version
in Figure 3.
Since the overall function H (p) is expected to maintain
the entire information provided by each value H i (p) , then
a possible choice is to define H as the p-norm of the vector
of all the His, i.e.,
H (p) = (H 1 (p), H 2 (p), f, H N (p))

p

N

/ H ip (p) , 

=p

H (p) =

N

N

i=1

i=1

/ H i (p) = / e - p - p

2
i 2

.

ξi

(a)

(b)

(c)

xo = 2H ,
2y

x (0) = x 0 ,

yo = - 2H ,
2x

y (0) = y 0 ,

where (x, y) < is the state. The time derivative of H is
Ho = 2H xo + 2H yo = 0 , 
2x
2y

(3)

which means that H (x (t), y (t)) is constant for all t $ 0 .
Therefore the trajectory (x (t), y (t)) lies on a level line of H.
The property Ho = 0 holds also for the system

(1)
2

ξi

Figure 3 Definition of level functions. The figure shows some
examples of possible choices for the function Hi, which is the basis
for the construction of the overall Hamiltonian function H: (a) a
cone function, (b) a hat function, and (c) a Gaussian function.

i=1

with p = 1, f, 3 , where, for instance, H i (p) = e - p - p i 2 .
Specifically, in the following H is defined as the sum,
namely the 1-norm, of the H i s, while the single Hamiltonian function is defined as a Gaussian function, that is,

ξi

xo = 2H f (x, y) ,
2y

x (0) = xr , 

(4)

yo = - 2H f (x, y) ,
2x

y (0) = yr , 

(5)

where f (x, y) is any continuous positive function. Hence,
denote with x and y the coordinates of p, that is, (x, y) = p,
and assume that the initial condition (xr , yr ) is such that
(xr , yr ) ! S j , namely, H (xr , yr ) = H r . Then the trajectory of
system (4)–(5) lies on S j for all t. As a matter of fact, the

(2)

The Gaussian function is chosen because it is positive and
smooth and can be interpreted as a probability density
having its maximum in p i, which is an effective way of
representing the information associated with the data
points.
The level function can be interpreted as a clustering
function by choosing a reference value H r and considering
a cluster as the set of data points lying within the same
MCCs of the level set corresponding to H r . In Figure 4, for
instance, the level function and the value H r are such
that the level set corresponding to H r is made of three
MCCs, namely, R 1, R 2 , and R 3 , each of which identifies a
cluster, namely, C 1 = {p 1} , C 2 = {p 2, p 4, p 5, p 7, p 9}, and
C 3 = {p 3, p 6, p 8, p 10} .
To explicitly find the level line S j associated to R j , the
clustering function H is regarded as a Hamiltonian function and the corresponding Hamiltonian system is defined.
The simplest form of a planar Hamiltonian system is
described by the equations

ξ9
ξ5

ξ2
ξ4

ξ7

R2
ξ1

R1
R3

ξ3

ξ6
ξ8
ξ10

Figure 4 Example of the data set. A possible configuration for
P = {p 1, f, p 10} . The level reference H r is such that the level set
is made of three MCCs, namely, R 1, R 2 , and R 3 . The MCCs
identify the clusters C 1 = {p 1} , C 2 = {p 2, p 4, p 5, p 7, p 9} , and
C 3 = {p 3, p 6, p 8, p 10} .
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Each cluster is obtained by grouping together points belonging
to the same connected region of the level set.
knowledge of an initial condition pr such that H (pr ) = H r is
not necessary. In fact, a modified version of system (4)–(5)
may be considered. To state the main result associated with
the modified system, a preliminary definition and a lemma
are needed.

Definition 2

Lemma 1
Let c : [0, T] " R 2 be a continuous curve with continuous
first-order derivatives, let L (c) be its length and let
(x (t), y (t)) denote the parametric description of c, namely,
the image in R 2 of t ! [0, T] . Moreover, suppose that c is
contained in a compact set A , whose diameter is
diam (A) = M , the equation xo (t) = 0 has at most z x solutions in [0, T) and the equation yo (t) = 0 has at most z y solutions in [0, T) . Then L (c) # M (z x + z y + 2) (for the proof see
“Proof of Lemma 1”).
As mentioned previously, the property of the Hamiltonian systems, namely, that H (t) is constant, can be exploited
for a Hamiltonian clustering even though the initial condition pr is such that H (pr ) ! H r , as stated by the following
result.

Theorem 1
Let H be defined by (2). For each initial condition (x (0),
y (0)), the dynamical system

Proof of Lemma 1

yo = - f (x, y) c 2H + 2H (H - H r) 1/3 m , 
2x
2y

(7)

#0 T xo 2 + yo 2 dt # #0 T ^ xo (t)

+ yo (t) hdt.

If c 1 A , then the length spanned in the x direction in a
time interval in which xo does not change sign is bounded
by M. Thus, if xo changes sign at most z x times, then

#0 T

xo (t) dt # M (z x + 1) .

An analogous result holds for y and the claim follows
immediately.
Y
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if H (x, y) ! H r ,
if H (x, y) = H r

provided the trajectory satisfies ^2H/2x h2 + ^2H/2y h2 ! 0
for all t, is such that the state of the system is driven to a
level line S j corresponding to the level set H (x, y) = H r in
finite time and the level line S j is spanned in finite time
(for the proof of the theorem see “Proof of Theorem 1”).
The time required for the state of the system to converge
to S j and the time needed to span the level line can be rendered arbitrarily small by multiplying f by a positive constant k 2 1.
A naive methodology to compute all the level lines consists of integrating the Hamiltonian system (6)–(7) N times,
the ith time picking as initial condition a point close to the
datum point p i ! P . Each p i , in fact, belongs to some connected subset R j of the level set and, therefore, is internal to
the level line S j . However, this exhaustive approach is not
very efficient as it requires to compute the same level line
S j as many times as there are data points in R j . A more
efficient algorithm makes use of the concept of winding
number [9] of a point p i = (x i, y i) with respect to the closed
curve S j , defined as
w (p i, S j) _ 1
2r

he length of the curve c is given by
L ( c) =

(6)

with the positive-definite function f (x, y) defined as

The diameter of a set C is diam (C) _ sup {d (x, y) : x ! C ,
y ! C}, where d (x, y) is the Euclidean distance between x
and y.

T

xo = f (x, y) c 2H - 2H (H - H r) 1/3 m , 
2y
2x

#S

j

- (y - y i) dx + (x - x i) dy
.
(x - x i) 2 + (y - y i) 2

The above ideas lead to the following clustering algorithm,
which terminates after a finite number of iterations.
»» Step 1: Let i = 1 and j = 1 .
»» Step 2: Integrate system (6)–(7) with p (0) = p i . For all
k = i + 1, f, N , compute w (p i, S j) .
»» Step 3: For all k = i + 1, f, N , if w (p i, S j) = 1 then
P ! P\{p i} .
»» Step 4: If P ! 4 , then go to Step 2 with i ! i + 1 and
j ! j + 1 . Otherwise STOP.
Note that Step 2 allows to compute the boundary S j of
the connected set to which p i belongs. Note also that

Proof of Theorem 1

T

he first claim holds thanks to the fact that the term

- (H - H r) 1/3 has a sign that steers the trajectory towards a
line corresponding to H r . Moreover, the steering term vanishes
when H = H r . In particular, the time derivative of the Hamiltonian function yields the dynamical system
2
2
Ho = 2H xo + 2H yo = - cc 2H m + c 2H m m^H - H r h1/3 f (x, y)
2x
2y
2x
2y

= - ^H - H r h1/3, 

(S1)

the solution of which is
H ( t) = *

H r + sign (H (0) - H r)
Hr,

c H (0) - H r

2/3

3
- 2 tm ,
3

for 0 # t # 3 H (0) - H r
2
3
for t 2
H (0) - H r 2/3 ,
2

2/3

,

hence H (t) = H r for t $ 3/2 H (0) - H r 2/3 and the system
(6)–(7) reduces to (4)–(5). The computation of the linear

Step 3 makes use of the notion of the winding number to
delete, form the set of data, the points that have already
been classified as internal to a level line.

Discrete-time model of
the cluster dynamics
The algorithm described in the previous section can be
exploited to model the dynamics of the clusters in two
different ways, according to the time scale considered.
The discrete-time approach, explained in this section,
and the continuous-time approach, to which the next section is dedicated, lead to paradigms that are different not
only in the time scale but also in the way the static algorithm is used.
In this section the discrete-time motion of a cluster is
reconstructed by iterative applications of the static algorithm. In particular, various time instants may be associated with data sets that differ for the number and the
position of the data points. More precisely, consider a
sequence of time instants T = {x k} k ! N , and let P (x k 1) and
P (x k 1+1) denote the sets of data points at the time instants
x k 1 and x k 1+1 , respectively. Since the position of the data
points at time x k 1+1 is, in general, different from their
position at time x k 1 , the number of MCCs of the level
set may also be different. Let R 1 (x k), f, R N (xk) (x k) denote
the MCCs of the level set at time x k . Suppose that G !
{R 1 (x k), f, R N (xk) (x k)} is an MCCs and consider the
problem of associating G with an MCC F ! {R 1
(x k-1) , f, R N (xk - 1) (x k-1)} in such a way that G is the timeevolution of F .

velocity of the point p (t) along the trajectory of system (4)–
(5) yields

so = xo 2 + yo 2 =

c

2H 2 f (x, y) 2 + 2H 2 f (x, y) 2 = 1,
m
c
m
2x
2y

hence the level line is spanned with constant unitary velocity.
If H is as in (2), if the data points belong to some compact set K
and if K is a subset of the set " p ! R 2 : d (p, 0) # R , , for some
R ! R, R 2 0 , then S j is a subset of " p ! R 2 : d (p, 0) # Rl,

with Rl = R + ln (N/H r) . In fact, consider a point g such,
that d (g, 0) 2 Rl ; since d (p i, 0) # R , for all i = 1, f, N , then
t i (g) 2 ln (N/H r) . Hence H i (g) 1 e - (ln (N/Hr)) = H r /N and
N
H (g) = / i - 1 H i (g) 1 N (H r /N) = H r . Therefore g g S j . Thus
the first hypothesis in Lemma 1 holds. Moreover, due to the
choice of the Hamiltonian function, the second hypothesis
in Lemma 1 also holds and it can be concluded that the
length of S j is finite. Hence, since S j is spanned with a
constant velocity, the level line is spanned in finite time. Y

Obviously, to begin with the concept of time evolution
needs to be specified. A possible solution exploits the
notion of geometric moments of a two-dimensional region
(see “Geometric Moments”).

Computation of the Moments
The moments of any order of FR j can be computed by integrating (6)–(7). In fact, by using Green’s theorem a double
integral over a region is equal to a line integral over its
boundary.

Theorem 2 (Green’s)
Let S be a positively oriented, piecewise smooth, simple
closed curve in R 2 , and let R be the region bounded by S .
If L and M are functions of x and y defined on an open
region containing R , and with continuous partial derivatives in R , then

##R c 22Mx - 22Ly mdxdy = #S ^Ldx + Mdyh.
By applying Theorem 2 and selecting, for instance,
(2M/2x) = x p y q and L = 0 one obtains

##R x p y q dxdy = #S
j

j

1 x p+1 y q dy , 
p+1

(8)

where the term on the right-hand side is an integral along a
(closed) trajectory S j corresponding to one of the level
lines of the clustering function H. From (8) the time
AUGUST 2012
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Geometric Moments
Definition 4
or a function F (x, y) : R 2 " R the moment of order p + q,
with p and q integers and such that p + q $ 0, is defined as

F

m pq (F) =

#-33 #-33 x p y q F (x, y) dxdy . 

(S1)

Considering the MCC R j associated with the cluster C j , the
index function of R j is
FR j (x, y) _ '

1 (x, y) ! R j ,

0 otherwise.

(S2)

m 10 (FR j)
,
m 00 (FR j)

##R dxdy ,

yR j =

m 01 (FR j)
.
m 00 (FR j)

A further step is the quantitative description of the shape of
the cluster, which can be done with the help of the moments of
higher order of R j computed with respect to its center of mass,
which are called the central moments.
Definition 5
For a function F (x, y) : R 2 " R, the central moment of order
p + q, with p + q 2 2, is defined as

#-33 #-33 x Tp y qT F (x T, y T) dxdy ,

n pq (F) =

From(S1) and (S2), it is possible to relate the moments of order
zero and one of FR j to the position and the size of FR j . In fact
the moment of order 0 of FR j is the area of R j :
m 00 (FR j) =

xR j =

where x T = x - x R j and y T = y - y R j .
The central moments of order two are associated with geometric quantities such as the principal axes of the image ellipse of R j (for further details, see [S20]).

j

whereas the position of the center of mass of R j can be obtained from the moments of order 0 and 1. Denoting by x R j and
y R j its coordinates, it follows that

 ariation of the value of the moments on the time scale of
v
the Hamiltonian system (4)–(5) can be obtained. In particular, the differential equations
mo 00 = xyo , 

(9)

mo 10 = 1 x 2 yo ,
2

mo 01 = xyyo , 

mo 20 = 1 x 3 yo ,
3

mo 11 = 1 x 2 yyo ,
2

(10)
mo 02 = xy 2 yo , 

(11)

with m pq (0) = 0 , are such that m pq (tt) = m pq (FR j) , where tt is
the period of the orbit of system (4)–(5) along S j .
It is worth noting that the differential equations (9)–(11)
do not describe the dynamics of the moments on the time
scale of the motion of the points p, but only the variation of
their values on the time-scale of the Hamiltonian system
(4)–(5), the trajectory of which is the level line S j .

The Sequence of Clusters
Within the theoretical framework described above, it is now
possible to solve the problem posed at the beginning of the
section. In fact, moments and central moments provide a
quantitative description of the dimension, the position, the
orientation, and the shape of the regions containing the clusters. More precisely, the computation of the moments of
order zero and order one and the computation of the central
moments of order two originates a map M from the set of all
possible shapes in R 2 to a point M (R) = (m 00, m 10, m 01,
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n 20, n 11, n 02) ! R 6 . This map may be used to construct a
sequence of clusters each of which is the evolution of the previous. Suppose x k 1-1- x k 1 is small with respect to the time
variation of the data points. Then a cluster C j and the region
R j surrounding it experience small changes between x k 1-1
and x k 1 . As a consequence, the images of the two regions,
through M , are not too far one from the other. Now, consider a region F ! {R 1 (x k), f, R N (xk) (x k)} and an ellipsoid in
R 6 having the center of mass in M (F) and the semiaxis of
which are the coordinates of a vector d = (d 1, f, d 6) ! R 6 ,
namely, the set
E d (F ) = ) (z 1, f, z 6) ! R 6 :

6

/

i=1

(z i - m F, i) 2
G 1 3,
d 2i

where m F,i denotes the ith component of M (F) . The definition of the ellipsoid E d allows to formalize the notion of
time-evolution of a cluster.

Definition 3
A maximal connected component G ! {R 1 (x k+1), f,
R N (xk +1) (x k+1)} is the one-step E d evolution of F ! {R 1 (x k), f,
R N (xk) (x k)} , which is denoted by G + E d F, if M (G) ! E d (F ) .
With the help of Definition 3 the generic K-step evolution from G 0 ! {R 1 (x 0), f , R N (x0) (x 0)} can be defined as the
sequence {G k} k ! {1, f, K} such that, for i = 1, f, K ,
G i ! {R 1 (x i), f, R Nx (x i)} and G i + E d G i - 1 .
i

Continuous-time model
of the cluster dynamics
The results presented in the previous section refer to a discrete-time scenario where the sequence of MCCs and of
clusters contained in them may be built by repeated application of the static algorithm described above. In this section a continuous-time scenario is considered leading to a
different description of the dynamics of the clusters and to
an extension of the static algorithm.
Suppose that the data points move in time, which happens, for instance, when the points represent the position
on the ground of moving objects. In this situation, not only
the clusters change in time and assume different shapes
but they may also merge or split, hence their number also
varies. Moreover, data points may appear or disappear,
meaning that the data set may have different cardinality in
different time instants. Thus N is indeed a discrete-valued
function N (x) of the time variable x . However, to simplify
the reasoning, a constant value of N is initially assumed.
Due to the motion of points, each Hamiltonian function
H i associated to p i depends on time and so does the Hamiltonian function H
H (p, x) =

N

/ H i (p, x). 

x
(a)
τ

y
x

(b)

(12)

i=1

From (12) it is evident that while in the static version of the
algorithm the level function H is defined on R 2 and the
manifolds corresponding to a constant value of H are curves
in R 2 , in the dynamic version developed herein the time x
is added as a variable for the Hamiltonian function. As a
result the manifolds corresponding to a constant value of H,
described by the equation H (p, x) = H r , are surfaces in R 3 .
To illustrate the surfaces, consider two points that are
close to each other at the initial time-instant and are moving
in opposite directions. Up to some instant the intersection
between the level surface and a plane corresponding to a
constant value of x is a closed curve surrounding the two
points [Figure 5(a)]. When the distance between the two
points increases, the intersection becomes the union of two
distinct closed lines, each of which encloses one of the
points. The resulting three-dimensional surface is a cobordism [10] between the initial closed curve surrounding the
two points and the final pair of closed lines [Figure 5(b)].
The introduction of time as a new variable generates a
port-Hamiltonian system without inputs, namely,
J dx N
J 2H N
J 2H N
K dt O
K 2x O
K 2x O
J 12 J 13 K
0
K
O
O
K
O
K dy O = f - J 12 0 J 23 pK 2H O = J K 2H O. 
K dt O
K 2y O
K 2y O
- J 13 - J 23 0 K
K dx O
O
K 2H O
2
H
K
O
K
O
K
O
L dt P
L 2x P
L 2x P

y

Figure 5 Cobordism representing two moving objects. The surface H (x, y, x) = H r corresponds to a pair of points moving in
opposite directions. In (a), the projection on the (x, y) plane of the
level surface for different values of x; in (b), the surface in the
space (x, y, x) .

remainder of the section H r denotes the surface corresponding to the value H r , that is, H r _ {(x, y, x) ! R 3 :
H (x, y, x) = H r} . As in the static version, since Ho = 0 , if
x (0) , y (0) , and x (0) are such that H (x (0), y (0), x (0)) ! H r,
then H (x (t), y (t), x (t)) = H r for all t 2 0.
The time scale of (13), identified by the variable t, is
different from the time scale of the motion of data
points. The time-variable x corresponding to the latter
is interpreted as a third variable of the Hamiltonian
function, thus originating a vector field in R 3 . On the
other hand, the time-variable t is the time scale of the
trajectory of the state of the system which lies on H r .
The two time scales coincide if and only if J 13 and J 23 are
such that xo = 1 .
The parameters J ij can be arbitrarily chosen and determine the directions, on H r , of the trajectories of the system.
Therefore, various cases can be considered.

(13)

It can be seen that, due to the skew-symmetry of J, Ho = 0
for all t $ 0 , that is, the trajectory of system (13) lies on a
surface corresponding to a constant value of H. In the

Real-Time Trajectory
If J 13 and J 23 are such that xo = 1 , then the two time scales t
and x coincide, which implies that the state of system (13)
runs along H r in real time, namely, with no delay with
respect to the dynamics of the measurements. This situation can be achieved, for instance, by setting
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τ

y
x

Figure 6 Real-time evolution. The trajectory (white line) of a timevarying port-Hamiltonian system twists around the level surface
H r in real time.

- 2H
2y
J 23 =
,
2H 2 + 2H 2
c
m
c
m
2x
2y

- 2H
2x
J 13 =
,
2H 2 + 2H 2
c
m
c
m
2x
2y

provided that the trajectory is such that ^2H/2x h2 +
^ 2H/2y h2 ! 0 for all t $ 0 . In this case, the remaining parameter J 12 can be used to determine how rapidly the trajectory
wraps around H r . Figure 6 refers to the same setting considered in Figure 5(a). The surface H r “grows” in time
along the vertical axis, while the trajectory of (13) wraps
around H r .
Obviously, when the level surface splits into two
branches, the trajectory of the port-Hamiltonian system
can follow only one of them. Therefore, to have a complete
approximation of H r another port-Hamiltonian system
that follows the other branch needs to be considered.

The Static Case

has two main consequences on the structure of the Hamiltonian function. To begin with the total number of objects
is indeed a function of time N (x) . This occurrence has to
be taken into careful account since, due to the definition of
H given by (12), it results in a discontinuity of its time derivative. In addition, in the case of a disappearing point, a
method to propagate in the future the information provided up to the time x a must be designed.
Suppose that a moving object, identified by the point
pi) (x) , is tracked up to the time-instant x d, i) and suddenly
disappears. If the velocity of the object is known to be
bounded from above by a value Vu , then at time x 2 x d, i)
the actual position of the object can be any point in a ball
centered in p i) (x k) and of radius Vu (x - x d, i)) . To take this
occurrence into account, consider the Heaviside function
h : R " {0, 1} , defined by h (t) = 0 if t 1 0 and h (t) = 1 if
t $ 0 , and add to the summation (12) the function
L i) (p, x) = H i) (p, x) e Vu (x - xd,i ) h (x - x d, i)) , that behaves as a
storing function. Note that L i) (p, x d, i)) = H i) (p, x d, i)) , hence
the continuity of the total clustering function H is guaranteed at the disappearing time instants.
Furthermore, it is reasonable to assume that the information corresponding to a disappeared point does not
need to be carried on forever. The natural way to deal with
this requirement is to forget the point p i) after a finite time
interval TR . To this purpose, the storing function can be
modified as L i) (p, x) = H i) (p, x) e Vu (x - xd,i ) n i) (x) , where
n i) (x) = h (x - x d, i)) - h (x - x d, i) - TR) .
To cope with the fact that the number of points changes
in time, and so does the maximum value of the level function, a normalizing factor has to be defined. This factor can
be the inverse of the number of points considered. Denoting
by M (x) the number of points that disappear but are stored,
then the final expression of the clustering function is
)

)

N (x)

If J 13 and J 23 are such that xo = 0 , then x (t) = x (0) for all
t $ 0 and the trajectory of system (13) lies on a plane corresponding to a constant value of time, as in the static case.
Set, for instance,
J 13 = 2H ,
2y

J 23 = - 2H .
2x

As in the previous case, the remaining parameter J 12 can be
used to determine how rapidly the trajectory “wraps
around” the surface corresponding to H r .

Time-Dependent Cardinality of the Data Set
Suppose now that the number of points in the data set is a
function of time, N (x) . This may happen, for instance,
when the data points represent objects moving in the twodimensional plane and not all objects are detected at all
time instants. Specifically, an object may appear at a particular time-instant x a , while it is not detected for x 1 x a .
On the other hand, a point may disappear at the timeinstant x d , while it is detected for x 1 x d. This assumption
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H (p, x) =

1
e / H i (p, x) +
N (x) + M (x) i = 1

M (x)

/ L j (p, x) o.

j=1

From the previous considerations it can be deduced that
the total Hamiltonian function is discontinuous in the time
instants that coincide with the appearance and with the
discarding of a data point. In fact, if a new point is detected
at time x a , then N (x +a ) = N (x -a ) + 1. Analogously, if a point
is discarded after being stored for TR time units, at time
x d + TR , then M (x d + T +R ) = M (x d + T -R ) - 1. Nevertheless
the discontinuity generated by the appearance of the ith
point can be overcome. Consider the function
Z0
for x 1 0,
]
] 4x 3
for x ! c 0, 1 m ,
]
2
fs (x) _ [

(14)
1
3
] 4 (x - 1) + 1 for x ! c , 1 m ,
2
]]
for x $ 1.
\1
where fs (x) is continuous and with continuous first-order
derivatives for all x ! R . Therefore, denoting by x a, i the time
instant in which the ith point appears, the function

The level function is interpreted as the Hamiltonian function
of a Hamiltonian dynamical system.
H i (p, x) = e - ti (p) fs (x - x a, i) is a continuous function with
continuous first-order derivatives in all its variables. The
introduction of the factor fs has the effect of transforming the
appearance of the ith point into a fading appearance. Moreover, the time to completely appear, which in (14) is one timeunit, can be rendered arbitrarily small by a proper scaling.
As a consequence of the introduction of the function (14)
the level line defined by H i (p, x) = Hr coincides with p i at
the initial time-instant and for the following time-instants is
a circle the radius of which grows continuously. This growing process is coherent with the fact that each measurement
can be interpreted as exact at the appearing time-instant
while its position in the following instants may be affected
by some tracking error, thus originating a growing region of
interest surrounding the point. However, function (14)
cannot be used to discard the measurement in a faded way.
In fact, a reasoning identical to the appearance situation
implies that at the very last time instant the level line degenerates into a point, which is not coherent with a loss of information about the position of the point.

Initial Conditions Not on the Level Set
Analogously to the static case described above, when the
initial condition does not belong to the level surface H r ,
modified dynamics need to be considered to steer the state
of the Hamiltonian system to H r . In particular, the solution
of the system described by
xo = - J 0 (H (x, y, x) - H r) 1/3 2H , 
2x

(15)

yo = -J 0 (H (x, y, x) - H r) 1/3 2H , 
2y

(16)

xo = -J 0 (H (x, y, x) - H r) 1/3 2H , 
2x

(17)

-1
with J 0 = ^^2H/2x h2 + ^2H/2y h2 + ^2H/2x h2 h converges in
finite time to the value H r, provided that the trajectory
does not go through singular points of H.
On the basis of these considerations, the following twostep dynamics can be designed to reconstruct the surface
H r = {(x, y, x) : H (x, y, x) = H r} .
1) If H (x, y, x) ! H r (that is, the state is not on the level
surface, for instance in time instants corresponding
to appearing and disappearing points), the trajectory
of the port-Hamiltonian system is determined by
(15)–(17).
2) If H (x, y, x) = H r , the trajectory is determined by
(13).

Higher dimensional clustering
The extension of the two-dimensional algorithm to the
clustering of data belonging to R n can be designed in several ways. A possible approach is to consider the coordinates of the data points pair by pair and to apply to each
pair the static two-dimensional algorithm. More precisely, suppose that P 1 R n and suppose, without loss of
generality, that n is even. In fact, if n is odd, a new coordinate may be added without affecting the reasoning. If two
points p 1 ! P and p 2 ! P belong to different clusters,
then they must differ at least in one of the n coordinates,
say the jth. As a consequence, the application of the planar
algorithm to the projection of the data points onto the
plane (p j, p l) , for l ! j , classifies p 1 ! P and p 2 ! P in different clusters. Note that, since the original Hamiltonian
surface defined in R n is projected in the plane (p j, p l) ,
namely, in R 2 , the reference value with respect to which
the level set are computed also changes, becoming
smaller. Summarizing these considerations, an algorithm
for the n-dimensional clustering method can be described
as follows.
»» Step 1: Construct data sets
Q1
Q2
Q n/2

= {(p 1, 1, p 1, 2), (p 2, 1, p 2, 2), f} ,
= {(p 1, 3, p 1,4), (p 2,3, p 2,4), f} ,

h
= {(p 1, n/ 2-1, p 1, n/2), (p 2, n/2-1, p 2, n/ 2), f} , (18)

where p i, j denotes the jth coordinate of the ith data
point. These sets consist of the projections of the
n-dimensional data points, and, in particular, they
are made of two-dimensional data points.
»» Step 2: Apply the static two-dimensional algorithm
iteratively. The application to Q 1 yields the clusters C 1,1, C 1, 2, f, C 1, K 1, the application to Q 2 yields
the clusters C 2,1, C 2, 2, f, C 2, K 2 , and so on, up to the
a pplication to Q n/2 , which yields the clusters
C n/2,1, C n/2, 2, f, C n/2, K n/2 . In this way each data point
p j belongs to the cluster C 1, j1 as far as the first pair
of coordinates is concerned, with j 1 ! {1, f, K 1} , to
the cluster C 2, j2 as far as the second pair of coordinates is concerned, with j 2 ! {1, f, K 2} , and so on.
»» Step 3: Let N K = K 1 K 2 g K n/2 . For each k ! {0, f, N K}
consider the set of indexes I k = {j 1 , f, j n/ 2} , such
that j 1 ! {1, f K 1} , j 2 ! {1, f K 2}, f j n/2 ! {1, fK n/2} .
This set of indexes is associated with the cluster
n/2

Ck =

( C i,j .
i

i=1
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Figure 7 Flock of birds. A black and white picture of two flocks of
birds can be used to test a clustering algorithm. In fact, a reasonable clustering method should be able to distinguish the two flocks.

In general, different choices of the set of indexes may
originate the same cluster, that is, I k 1 and I k 2 , with
k 2 ! k 1 may be such that C k 1 = C k 2 . However, the total
number of n-dimensional clusters yielded by this process is at most K = k 1 . . . k n/2.

group. Consider, for instance, two flocks of birds, as in
Figure 7, obtained from an original colored image, where
each bird is mapped into a set of black pixels, possibly a
singleton. The image has 700 # 961 pixels, 27,016 of
which are black and each of which potentially corresponds to a bird.
To simplify the computation, the image can be sampled
before applying the algorithm. For instance, with a decimation rate of ten, a new image is obtained that has 70 # 97
pixels, 272 of which are black. Figure 8 shows the result of
the clustering algorithm on the sampled image. Four clusters are identified. Two of them correspond to the original
flocks while two contain only one point, namely, one bird.
The two singletons may correspond to birds that are moving
out from the flock or, on the contrary, joining the flock, or
may be due to the fact that the sampling cut out some pixels
between them and the nearest flock. In particular, in each
cluster the piece of trajectory from the initial point p i to the
level line corresponding to H r can be identified.
Finally, in Figure 9 the level line provided by the algorithm is compared with the original picture.

Tuning the Value Hr Corresponding to the Level Set

Consider the static two-dimensional algorithm and suppose that the set of data points to be clustered represent
the black pixels in a black-and-white picture. This setting is the case, for instance, of an image representing
moving objects that have to be grouped to deduct some
common behavior of the members within the same

As the example considered in the previous section points
out, a level line can be associated either with a group of
objects, as in the case of the clusters associated to the main
flocks, or with a single one, as in the case of the two birds
clustered as singletons in Figure 8. While in that example
this effect is due mainly to a sampling process, it can be
obtained by properly selecting the reference value H r . In
Figure 10, for instance, different level lines obtained for
the same set of data points, namely black pixels corresponding to geese, but with different values of H r are
reported.
On the left, the result obtained with a low value of the
reference level yields the identification of a “V” shape, typical of migratory birds. On the right, a high value allows to

Figure 8 Identification of flocks of birds with sampled data. By sampling the black and white image of Figure 7, a set of points in R 2 is
obtained. The lines represent the result of the clustering algorithm.

Figure 9 Validation of the resulting clustering with the original
image. The result of the algorithm overlapped with the original
image of Figure 7.

Applications
In this section several applications are presented to show
the effectiveness of the clustering methods described in
this article.

Detecting Groups of Objects from Images
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(a)
Figure 11 Infrared image of a hurricane. An infrared image taken
from the satellite and representing the presence of water (white
clouds). The closed lines represent the regions, namely, the result
of the clustering method on the sampled measurements. The
cloud to be tracked is the first region on the right, indicated by an
arrow. The background image is taken from [20].

(b)
Figure 10 Effects of the choice of the reference value on the clustering. A low value of (a) the reference level H r allows to deduct
common behavior of a flock of geese flying in formation while a (b)
high value allows to select the single birds.

select each single bird, an operation that can be used to
automatically count the number of birds in the image.

Modeling the Motion of a Hurricane
As explained above, by applying iteratively the static algorithm to a sequence of images, the dynamics of the clusters
can be identified. Consider, for instance, the sequence of
infrared images taken from a geostationary satellite over a
region of the Earth. Each image is a black-and-white image
the white pixels of which are the data points corresponding
to the presence of water. The position of the center of mass
C R of a region R 1 R 2 can be obtained by computing the
moment of order zero of R together with its two moments
of order one. Now, suppose that the motion of C R in a discrete-time scale is described by an autoregressive linear
difference equation of order n with time-invariant coefficients, namely, by o (t) + b 1 o (t - 1) + g + b n o (t - n) = 0 .
Standard techniques from system identification [11] can be
used to estimate both the order of the difference equation n
and the vector of parameters b = (b 1, f, b n) < giving the
best fit for the sequence {o (k)} k ! N . To test the performance

of the method, a real scenario is considered. The sequence
of time instants is {x k} k ! N , namely, x k = kT , being the
sampling time T half an hour, in comparison with which
the computational time is negligible. Each image is a grayscale image and has 720 # 480 pixels. To ease the computational load, a spatial sampling of each image is performed,
reducing the size to 72 # 48 pixels. Finally, the level of
white associated to each pixel is compared with a threshold
and the measurements set t is composed of all the pixels
having a white level larger than the threshold. Figure 11
shows the first image of a stream where the level lines corresponding to each cluster are detected.
The clustering technique is applied to a sequence of 288
images, corresponding to six days, using the first 48,
namely one day, to estimate the model. The obtained values
are used to predict the motion of the cloud in the subsequent 240 images, corresponding to five days, with four
different values of the prediction horizon and precisely
one step, six steps, 12 steps, and 24 steps, corresponding to
half an hour, three hours, six hours, and 12 hours, respectively. Since results show that in all four cases the best
approximation is a difference equation of order two, such a
model is used to estimate both the dynamics of x R and
those of y R , thus estimating the trajectory of the center of
mass. Results corresponding to a prediction horizon of
length 12 are reported in Figure 12 where the true trajectory is also plotted.
On Figure 13 the same trajectory is plotted over the
image corresponding to the last position of the trajectory.

Continuous-Time-Varying Data Sets
In many applications the data points change in time. In the
following examples, data represent information on a subject
collected in a particular instant, and it might be interesting
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By applying iteratively the static algorithm to a sequence of images,
the dynamics of the clusters can be identified.
to compare how this information evolve in a continuoustime scale. In Figure 14(a), a set of two points is considered.
Initially the two points are classified in the same cluster.
However, the two points are moving and after five time
units, at time x = 5 , they are too far apart and each of them
is associated with a different cluster. The trajectory of the
Hamiltonian system follows one of the “branch” of the surface H r ; after five more time units, at x = 10 , the datum
corresponding to this branch disappears and the storing
300
295
290
285
280
275
270
265

function term is used. In this case the storing interval lasts
three time units; after this three time units, at x = 13 , the
disappeared datum is forgot and the trajectory of the Hamiltonian system is driven to the remaining branch.
The second scenario, depicted in Figure 14(b), is that of
two groups of data points that are classified in the same
cluster for the first four time units. Note the trajectory of
the Hamiltonian system running around them both. Then,
at x = 4 the two groups, which move in opposite directions, are too far apart and are associated with different
clusters; the trajectory of the Hamiltonian system runs
around one of the two branches. After eight time units
from the initial instant, at x = 8 , one of the two groups
inverts its direction while the other stays still. After eight
more time units, at x = 16, the two groups are again associated with the same cluster and all the data points are
internal to the trajectory of the Hamiltonian system.
These two examples show that the clustering method
valid in the static scenario can be extended to the timevarying case, thus defining a dynamic clustering. To this

260
255
250
200 250 300 350 400 450 500 550 600 650

τ

Figure 12 Prediction of the motion of the hurricane. The trajectory
of the center of mass estimated over a 12-step horizon (dashed
bold line) together with the true trajectory (solid line).
y

x
(a)
τ

x

y
(b)

Figure 13 Evolution of the hurricane. The estimated trajectory of
the center of mass and the boundary of the cloud obtained with
the clustering algorithm are plotted over the last image of the test
sequence. The background image is taken from [20].
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Figure 14 Time-varying Hamiltonian functions. (a) shows two
points, initially belonging to the same cluster, that split apart; after
a while one of the two points disappear. (b) shows two groups of
data points that split apart and, after a while, merge again.

The notion of moments can be exploited to solve several
classification problems.
aim, time needs to be regarded as an additional variable of
the Hamiltonian function. The level surfaces obtained are
to be reconstructed in a sort of “wrap around” description
by the trajectory of a Hamiltonian system.

Static Optical Character Recognition
The notion of moments can be exploited to solve several classification problems. One of the most challenging is the classification of the letters of the alphabet, which is known as
optical character recognition (OCR) [12]–[15]. For this problem, it is reasonable to assume that the size and the position
of a letter on the plane need not be relevant to its classification, hence a classification process is expected to be insensitive to these quantities. As a consequence, the moments of
order one, providing information on the position of the letter
are not needed. On the other hand, the moments of order
zero, providing information on the size, can be used to normalize the moments of higher order. Consider, in fact, a magnified version of a letter, being K 2 1 the magnification
factor. Integral (8) on the magnified region KR j is equal to
the integral on R j by scaling x and y of a factor 1/K ; in fact

##KR x p y q dxdy = ##R ` Kx jp c Ky m d8 Kx Bd; Ky E
q

j

j

=

1

K (p + q + 2)

##R x p y q dxdy.
j


(19)

In the following, o pq denotes a central moment of order
p + q normalized as in (19), being the normalization factor
K the square root of the area of the letter
o pq _

n pq

^ m 00 (R) h

p+q+2

,

that is, all normalized letters have area one. In some applications, an additional invariance property is required, namely,
the invariance with respect to rotations, and the moments
are redefined according to this requirement. On the contrary, in the particular case of OCR this kind of invariance
can be misleading when attempting to recognize characters
that are similar but differently oriented, such as “N” and
“Z,” “6” and “9,” or “M” and “W.” Therefore herein orientation is considered as an important feature.
In the moments-based OCR, first considered by Hu [16],
the features to be extracted are associated to the moments
and the minimal distance method is followed. The considered similarity measure is the Euclidean distance between
collections of moments. For each symbol v , a training set Tv
is defined, which is a set of different representations of v .
Specifically each representation corresponds to a different

font. In Figure 15, for instance, a training set constituted by
three different representations for the symbol “C” is shown.
Each representation, namely, each shape, is mapped into a
point in the space of the normalized central moments. If, for
the sake of a simpler computation, only moments of order
two and three are considered, then a map M from Tv to R 7
can be constructed M (v i) _ (o 20 (v i), o 11 (v i), o 02 (v i),
o 30 (v i), o 21 (v i), o 12 (v i), o 03 (v i)) < where the subscript i
denotes the representation corresponding to the ith font.
Finally, a reasonable way to merge the information provided
by all the elements of the training set is that of finding the
center of mass of their images (in R 7 ). More precisely, if
F = {1, f, N f } is the set of fonts of the training set and v k
is the shape corresponding to the representation of the
symbol v in the kth font, not necessarily belonging to the
training set, then M (v k) is likely to be close to the center of
mass of the images of the representations of v in the fonts
of the training set; hence
M (v k) - B (v) _ 1
Nf

/ M (v i). 

(20)

i!F

Consider the set of the symbols corresponding to the letters of the English alphabet and the Arabic ciphers, namely,
the set S _ {A, B, f, Z, 0, 1f, 9} and let v 1i , v 2i , f v 36
i
denote their representation in the ith font. Within this framework, the classification problem is to find t given the representation t k of a symbol t ! S associated to the kth font.
As mentioned above, k may, or may not, belong to F.
According to the minimum-distance method, the
answer to the classification problem is the symbol
v j providing the B (v j) nearest to M (t k) , that is,
t = argmin j M (t k) - B (v j) .
To have an idea of how the method works, consider the
three sets of symbols represented in Figure 16, each of
which corresponds to one of the fonts represented in
Figure 15. The 36 centers of mass of all the images
B (v 1), f, B (v 36) can be used for classification. The result of
a preliminary test on the training sets of Figure 16 is that all
the characters are correctly recognized.

(a)

(b)

(c)

Figure 15 A possible training set for the letter “C.” The considered
fonts are (a) Tahoma, (b) Times New Roman, and (c) Arial.
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One of the most challenging problems in bioinformatics is the
localization of the position of a protein with respect to the cellular membrane
and by exploiting information about the structure of the protein.

To further test the performance of the method, a fourth
font, not used to find the centers of mass of each symbol,
may be considered, as in Figure 17. In this case all the characters but one are correctly recognized, the only error being
that “1” is recognized as “2,” yielding a correct recognition
rate of 97.22%, comparable with the rate of other momentbased recognition methods [17].
A third step of the test may consist of the recognition of
some modified letters. In particular, four typical situations
that could affect the performance in a practical case are
considered and precisely letters that are partially erased,
rotated, blurred or stretched (see Figure 18). In all the cases
the method performs a correct recognition.
Finally, the method is tested on a handwritten word, the
word in Figure 19. In this case only the second “A” is erroneously recognized as an “S”; note that only three sets of
fonts are used for the training and that the handwritten
font, obviously, does not belong to the training set.

Flower Classification
Consider the Anderson iris flower data set [18], that is, a set
of points of R 4 representing the sepal lengths and widths

and the petal lengths and widths of 150 samples of three
different species of iris, the virginica, the setosa, and the versicolor species. Each species is represented by 50 samples.
This data set is used in [19] as a benchmark set for

(a)

(b)

(c)

(d)

(e)

(f)

Figure 18 Examples of modified letter “C” used to test the performance of the classifying method. In (a) the letter is partially
erased, in (b) and (f) it is rotated, in (c) it is blurred, and in (e) and
(d) it is stretched. Different fonts are used.

(a)

(b)

Figure 19 A handwritten word. The classification method can be
used also to recognize a handwritten word, as in this case where
the hand written representation of the word Hamiltonian is used.

(c)
Figure 16 The training sets for the letters and the numerals. Three
sets of letters and numerals, corresponding to the font (a) Tahoma,
(b) Times New Roman, and (c) Arial, are used to train the classification method by computing the moments of each character.

Figure 17 The Calibri font used to test the classification method.
The moments of each letter and each numeral are computed; the
classification is performed by comparing them with the average
moments of the letters and numerals of Figure 16.
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Iris Setosa

Iris Versicolor

Iris Virginica

(5.1;3.5;1.4;0.2)

(7.0;3.2;4.7;1.4)

(6.3;3.3;6.0;2.5)

(4.9;3.0;1.4;0.2)

(6.4;3.2;4.5;1.5)

(5.8;2.7;5.1;1.9)

(4.7;3.2;1.3;0.2)
·
·
·

(6.9;3.1;4.9;1.5)
·
·
·

(7.1;3.0;5.9;2.1)
·
·
·

Figure 20 The Anderson’s Iris flower data set. This set is used as
a benchmark set to test classification and clustering algorithms.

The notion of level function can be used to cluster
data points internal to a level line.
 iscriminant analysis. The set of measurements is partly
d
reported in Figure 20, where to avoid cluttering only three
points per species are reported.
According to the algorithm explained above, the sets
					
Q 1 = {(5.1; 3.5); (7.0; 3.2), (6.3; 3.3), (4.9; 3.0), (6.4; 3.2),
(5.8; 2.7), (4.7; 3.2), (6.9; 3.1), (7.1; 3.0), f}
and
Q 2 = {(1.4; 0.2), (4.7; 1.4), (6.0; 2.5), (1.4; 0.2), (4.5; 1.5),
(5.1; 1.9), (1.3; 0.2), (4.9; 1.5), (5.9; 2.1), f}
can be constructed. The algorithm groups all the points in
Q 1 in a single cluster C 1,1 = {p 1, p 2, f} [see Figure 21(a)],
while the set Q 2 is partitioned into the two clusters
C 2,1 = {(1.4; 0.2), (1.4; 0.2), (1.3; 0.2), f}
= {p 1, p 4, p 7, f},
C 2,2 = {(4.7; 1.4), (6.0; 2.5), (4.5; 1.5), (5.1; 1.9),
(4.9; 1.5), (5.9; 2.1), f}
= {p 2, p 3, p 5, p 6, p 8, p 9, f}
[see Figure 21(b)]. Therefore, the possible choices for the
indexes are i 1 = 1 and i 2 ! {1, 2} , yielding the clusters

Subcellular Protein Localization
One of the most challenging problems in bioinformatics is
the localization of the position of a protein with respect to
the cellular membrane and by exploiting information about
the structure of the protein. It is known that cells are constituted by compartments and that each of the compartments
performs specific functions. Since proteins in each compartment are specialized to fulfill a particular function, it is possible to deduct the behavior of a specific protein knowing
its position within the cell. Consider a cell of Escherichia Coli
and the problem of distinguishing among proteins localized within the cytoplasm, proteins localized in the inner
membrane and proteins localized in the outer membrane.

5

3

4.5

2.5

4

2
Petal Width

Sepal Width

C 1 = C 1,1 + C 2,1 = {p 1, p 4, p 7, f} ,
C 2 = C 1, 1 + C 2, 2 = {p 2, p 3, p 5, p 6, p 8, p 9 f}.

Hence, the projection of the data points onto the twodimensional space corresponding to the sepal length and
width does not provide any information on the species,
since the result of the clustering process is the whole set
of measurement points. On the other hand, when petal
length and width are considered, the same algorithm
classifies the points into two clusters.
In conclusion, with respect to this particular problem, the level set method recognizes the members of the
setosa quality, namely the cluster on the bottom-left of
Figure 21(b), whereas it cannot distinguish between the
virginica and the versicolor quality, implying, as claimed
in [19], that “a certain diagnosis of these two species
could not be based solely on these four measurements.”

3.5
3

1.5
1

2.5

0.5

2

0

1.5

4

4.5

5

5.5

6 6.5 7
Sepal Length

7.5

8

8.5

−0.5

0

1

2

3
4
5
Petal Length

6

7
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(b)

(a)

Figure 21 Classification of the iris flowers. A set of points belonging to R 4 can be partitioned into (a) a single cluster or into (b) two
clusters according to the coordinates considered.
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The basic static algorithm can be exploited to define
dynamical clustering, both in the discrete- and continuous-time cases.
In conclusion, when neglecting the singletons, which can
be considered as measurement errors, three clusters are
obtained corresponding to the cytoplasm ^C 1 h , the inner
membrane (C 2 ), and the outer membrane (C 3 ), respectively. The three corresponding regions R 1 , R 2 , and R 3 are
then used to classify the remaining proteins in the data set
in the more natural way, that is, by classifying a protein
p ) = (p )1, p )2, f p )6) < as residing in the cytoplasm if
(p )1, p )2), ! C 1 , as residing in the inner membrane if
(p )1, p )2), ! C 2 and as residing in the outer membrane if
(p )1, p )2), ! C 3 . With this method, a classification rate of 88%
is obtained.

More specifically, the problem is twofold; first, part of a
data set is clustered, 80 points out of 145, according to the
static algorithm. Then the obtained clusters are used to classify the remaining 65 elements of the data set. The nature of
the data set is such that each protein p i is described by a
vector of seven components. In the application of the
n-dimensional clustering algorithm, one of these components is discarded since it is a binary digit having the same
value for all the elements in the data set. Among the six
remaining attributes, the first three represent the score of
the protein to different recognition analysis, while the last
three attributes are the score discriminant analysis of the
amino-acid content and the score of two different versions
of the ALOM program. The six coordinates originate three
two-dimensional problems, associated with the sets

Conclusions
The notion of level function can be used to cluster data
points internal to a level line. Level lines can be determined as trajectories of a Hamiltonian system. More precisely, the level function is interpreted as a Hamiltonian
function, and the corresponding Hamiltonian system is
integrated.
The basic static algorithm can be exploited to define
dynamical clustering, both in the discrete- and continuoustime cases. Due to the different nature of the two time
scales, different solutions to the problem of dynamic clustering are defined.
The extension of the method to the clustering of
n-dimensional data points is straightforward. In fact it
basically consists of an iterative application of the twodimensional version of the algorithm and to the intersection of the results of each iteration. The applications
described in the final section of the article show the effectiveness of the method.

Q 1 = {(p 1,1, p 1,2), (p 2,1, p 2,2), f} ,
Q 2 = {(p 1,3, p 1,4), (p 2,3, p 2,4), f} ,
Q 3 = {(p 1,5, p 1,6), (p 2,5, p 2,6), f}.
The application of the clustering algorithm to Q 1 yields
three clusters C 1,1 , C 1,2 , and C 1,3 [Figure 22(a)]; its application to Q 2 yields one cluster, C 2,1 , and two singletons, C 2,2
and C 2,3 , [Figure 22(b)]; its application to Q 3 yields one
cluster, C 3,1 , and one singleton, C 3,2 [Figure 22(c)].
It can be noted that C 3,2 ! C 2,2 and C 3,2 ! C 2,3 , hence the
intersection between each singleton and the other (proper)
clusters is either empty or coincides with the singleton
itself. Hence six clusters are obtained
C 1 = C 1,1 + C 2,1 + C 3,1 , C 2 = C 1,2 + C 2,1 + C 3,1 ,
C 3 = C 1,3 + C 2,1 + C 3,1 , C 4 = C 2,2 , C 5 = C 2,3 , C 6 = C 3,2 .

C1,2
C2,1

C2,3

C1,1

C1,3

C3,2

C2,2
(a)

C3,1

(b)

(c)

Figure 22 Localization of the protein inside the cell. The results of the three two-dimensional clustering processes corresponding to the
sub-cellular protein localization problem.
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